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Abstract
We consider the problem of transferring overall rotation
of quark-gluon plasma to polarization of hyperons along the
rotation axis. As a toy theoretical model, we exploit that of pionic superfluidity induced by chemical potentials
violating isotopic symmetry. Apparently, the model accounts only for the light degrees of freedom, that is pions.
The rotation, however, results in vortices which are infinitely thin in the hydrodynamic approximation. Field theory
resolves the singularity and predicts that the core of the vortices is build up on spins of baryons. We review conse-
quences from the quark-hadron duality in this case. First, an anomalous triangle graph in effective field theory turns to
be dual to the vorticity term in the standard hydrodynamic expansion. And, then, the overall coefficient determining
the polarization of baryons is fixed by duality with the triangle graph in the fundamental field theory.
Keywords:
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1. Introduction
Discovery of a non-vanishing polarization of Λ(Λ¯)-
hyperons [1] in heavy-ion collisions is considered to be
one of most important experimental observations of re-
cent years. It is quite commonly assumed nowadays that
the mechanism behind is production of a rotating fire-
ball of plasma in peripheral collisions, with sunsequent
transfer of the rotation to spins of the hyperons. Actu-
ally, such a phenomenon was predicted prior to its ob-
servation, see [2, 3] and references therein, and more de-
lailed calculations have been appearing since then, see,
e.g., [4, 5, 6].
Models considered so far are mostly phenomenolog-
ical in nature.
There are, however, some general observations that
emerge.
In particular, one can argue that in the ideal-liquid
approximation the polarization of hyperons is not gen-
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erated and one has to include effects of dissipation [7].
In fact this
observation seems to be a specific manifestation of a
general rule that in the ideal-liquid approximation there
is no exchange of motion between macro- and micro-
scopic degrees of freedom
[8].
In these notes we approach the problem of identify-
ing the mechanism of production of polarized hyperons
from the field-theory side. This has an advantage
of treating fundamental problems,–such as necessity
of accounting for dissipation,–in the most transparent
way. The price to pay is to rely on a toy field-theoretic
model. Indeed, the fundamental QCD cannot be applied
directly to the problem considerd because of the
strong-coupling nature of QCD at large distances. We
will utilize a well-known model of pionic superfluid-
ity at a non-vanishing chemical potential µ violating
isotopic symmetry, see [9, 10] and references therein.
This model imitates two important properties of QCD
plasma, namely, confinement and low viscosity. Thus,
the lessons on dynamcs of plasma derived within the
model might be relevant to the realistic case.
One of interesting results is that this model does pro-
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us with a definite
mechanism of transfer of the overall rotation to heavy
constituents. Moreover the heavy degrees of freedom
are not included originally into the model and emerge
through dependence on the ultraviolet cut off of the ra-
diative corrections to the original model. Note that we
follow mostly the paper in ref [11], see also the refer-
ences therein. In this notes we emphasize novel aspects
of hadron-quark duality
as applied to hydrodynamics. Commonly, hydro-
dynamics is viewed as an instrument to account phe-
nomenologically for the physics in far infrared. We ar-
gue that in the case considered hydrodynamic observ-
ables are dependent on short distances. The bridge be-
tween hydrodynamics and physics of short distances is
provided by vortices which represent singularities in the
hydrodynamic approximation, see also [12, 13, 14, 15].
2. Hydrodynamics
The beauty of hydrodynamics, as of an effective the-
ory,
is its universality.
The only input is conservation laws and
expansion in derivatives, i.e. long-wave approximati-
ion.
In most cases, hydrodynamics addresses classical
physics.
In case of superfluidity, the two-liquid model bridges
quantum physics to the hydrodynamics. The price, in
this case, is an introduction of an extra thermodynamic
potential.
In a seminal paper [16] it was argued that in fact
quantum corrections, or loop effects fix some hy-
drodynamic variables even in absense of superfluidity.
Namely, one considers a generic chiral theory, with
U(1) chiral anomaly. In presence of external electro-
magnetic fields Fαβ the hydrodynamic equations take
the form:
∂µT µν = eFνρ jelρ (1)
∂α jelα = 0 (2)
∂α j5α =
αel
4pi
αβγδFαβFγδ (3)
∂αsα ≥ 0 (4)
where sα is the entropy current; Tαβ, jelα , j
5
α are energy-
momentum tensor, electromagnetic current, and axial
current, respectively. All the sources are expanded in
derivatives. For example, to zero order in derivatives
the currents are expressible in terms of the correspond-
ing densities, ρel, ρ5 and 4-velocity uα of an element of
the fluid:
jelα ≈ ρeluα, j5α ≈ ρ5uα (5)
Similarly, the energy-momentum tensor in the zero-
order approximation reduces to energy density and pres-
sure.
The crucial finding of Ref. [16] is that
the condition of growth of entropy, ∂αsα ≥ 0 cannot
be satisfied on the standard expressions for sα. The rea-
son is that the anomalous piece in the r.h.s of Eq. (3) is
not positive-definite.
Instead, one has to add both to sα and
jelα , j
5
α terms proportional to
the magnetic field Bα and vorticity ωα
where
Bα = (1/2)αρνσuρFνσ, ωα = (1/2)ανρσuν∂ρuσ(6)
Moreover, the extra terms are uniquely determined
within
the framework described.
The electromagnetic current acquires
a new piece:(
jelα
)
cme
=
e2µ5
2pi2
Bα , (7)
where µ5 is the chemical potential
conjugated with the axial charge.
This is the so called chiral magnetic effect.
The axial current gets an extra term equal to
(
jAα
)
cve
=
(µ2 + µ25)
2pi2
ωα . (8)
This is the so called chiral vortical effect which will
occupy our attention mostly. Note that the overall co-
efficient, 1/(2pi2) is given here for the case of a sin-
gle (massless) Dirac particle. Algebraically, this coef-
ficient is directly related to the coefficient in front of the
anomaly, see the r.h.s. of Eq. (3).
One could wonder, why we are at all interested
in massless particles. Indeed, our aim is to
find a way of estimating polarization of hyperons
which are
massive particles anyhow, and, at first sight hydro-
dynamics might depend only on these, non-vanshing
masses. As we see later, hydrodynamics does turn sen-
sitive to short distances,
and the polarazation of hyperons woud be finally de-
termined by
physics of (nearly) massless quarks.
2
3. From field theory to superfluidity
3.1. The toy model
We will try to get a new insight into dynamics of chi-
ral fluids by considering pion superfluidity induced by
isotopic chemical potential, see [9, 10] and references
therein. The chemical
µ, µ5 potentials are introduced
through adding new pieces to the effective Hamilto-
nian:
δH = − µq¯γ0(τ3/2)q − µ5q¯γ0γ5(τ3/2)q (9)
where q are fields of light quarks, (τ3/2) is
the generator of isotopic rotations
around he third axis, µ, µ5 are vector and axial-vector
chemical potentials, respectevely. We consider small
chemical potebtials, µ, µ5  mN . Moreover, for sim-
plicity we consider the limit of exact chiral symmetry,
mpi = 0.
In case of low energies, interactions are
desribed by a simple effective Lagrangian in
terms of pion fields:
Lchiral =
f 2pi
4
(
DαUDαU†
)
(10)
where the matrices U are parametrized in terms of
pion fields pia: U = exp
(
ipiaτa/(2 fpi)
)
(a = 1, 2, 3)
and the covariant derivatives are given by:
DαU = ∂αU − iδα0
(
µˆLU − UµˆR
)
Moreover, in the limit of exact chiral symmetry
the effect of µV , 0 can be rewritten in terms of
µA , 0 and vice verse, see, e.g. [10].
For the sake of definiteness we choose µA , 0, µV =
0.
It is then straightforward to see that µA triggers a neg-
ative mode. It is less trivial that system is stabilized at
a non-zero value of the pion condensate, due to non-
linearity of Lchiral. Density of particles is given by
ρ5 = µ5 · f 2pi . (11)
and vanishes in the limit µ5 → 0.
There are remarkably simple rules of translation from
ordinary field theory to superfluidity, see, e.g.
[17, 18] and references therein.
In particular, in field theory there is a contribu-
tion of the Goldstone particle to the axial current,
j5,aα = fpi∂αpia, where the pion field is virtual. Now,
that the pions are real particles in the ground state, the
zeroth component of the current is to coincide with the
density (11). As a result, the axial current apparently
becomes:
j5α = ρ5uα , (12)
where for the 4-velocity uα we immediately have
µ5uα = ∂α
(
pi0/ fpi
)
. (13)
For the spatial components, (α = 1, 2, 3),
Eq. (13) becomes a standard expression
for the 3-velocity of supefluid since pi0/ fpi
is nothing else but the phase of the superfluid wave
function, see the general expression for the matrices U
above.
As far as the spatial components ui are small,
we have for the phase:
ϕ(xi, t) =
pi0
fpi
≈ µ5 · t + ϕ˜(xi) , (14)
where ϕ˜(xi) satisfies ∆ϕ˜(xi) = 0.
Moreover, the T0i components of the
energy-momentum tensor for the field pi0 are
given by T0i ∼ µ5∂iϕ˜.
And for the correlator of components of the energy-
momentum tensor in the momentum space one gets:
lim
qi→ 0,ω≡ 0
< T0i,T0k > ∼ µ25
qiqk
q2i
. (15)
Eq (15) is nothing else but the criterion of superfluid-
ity.
4. Duality between chiral vortical effect and spin of
vortices
Consider now rotating superfluid. As is well known,
naively, rotation cannot be transferred to supefuid since
µ5~v = ~∇ϕ and curl~v = 0. However, rotation is still
possible because of vortices, or singularities on the axis
of a vortex. Near the singularity,
pi0
fpi
= µ5 · t + κθ , (16)
where θ is the polar angle and κ is integer. Every-
where, with exception of the axis, curl~v = 0. However,
(∂x∂y − ∂y∂x)θ = 2piδ(x, y). (17)
The fact that κ is integer follows from the condition
that the phase of the wave function is to be a single-
valued function. In this way one comes to the quantiza-
tion condition:
µ5
∮
vidxi = 2piκ , κ = 1, 2... (18)
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It might worth mentioning that in most applications κ =
1,
as it follows from minimization of energy.
Note that the size of the
core of the vortex can be sent to zero and still Eq. (18)
holds. Thus, one can say that condition (18) fixes spin
of vortices.
It is worth emhasizing that the spin of vortices is not
the whole angular momentum carried by the superfluid.
Indeed, the angular momentum carried by the fluid in
the vicinity of the singularity is given by:
L =
∫ dvortex
0
(mass) · r · vφ , (19)
where dvortex is a cut off. The physical meaning of
this
cut off is the distance to the next vortex. One can
readily see
that the angular momentum (19) is proportional to
the area per vortex. Indeed:
L ∼
∫ dvortex
0
(µ52pirdr)vφ(r)r ∼ d2vortex (20)
This angular momentum is much larger than the spin of
the vortex (18). Moreover, it is not quantized at all and
one can say that it is rather classical than quantum.
To appreciate this point, we need to be more specific
about the set up considered. Following textbooks, see,
e.g., [19, 20] we consider a cylindrical bucket with su-
perfluid rotated around its axis with angular velocity ωz.
Then at very low ωz the rotation is not transferred to
the fluid at all. With increase of ωz vortices get excited.
There exists a range of values of ωz when the distance
between the vortices is still much larger than the size of
their cores, on one hand, and, on the other hand, the to-
tal angular momentum carried by the supefluid is (very)
close to
the value of the angular momentum which would be
carried by a solid body of the same form and mass.
The number of vortices, nvortex is determined by the
condition of matching the motions of superfluid and of
the analogous solid body.
Then for the number of vortices penetrating area A
in the (x, y) plane one gets [14]:
nvortex =
µ5
pi
∫
A
d2x|ωz| , (21)
Averaging over vortices locally allows then to intro-
duce a
quasi-continuum picture. As the next step, we would
like to evaluate the total spin of vortices and compare it
with the chiral vortical effect (8) found above
within the standard hydrodynamic approach to
continuum, or defect-free media.
To this end let us explain how one can derive
Eq. (8) in field theory.
First, we adjust the model (9) for the use within hy-
drodynamic approach. This adjustment is achieved, as
usual with the help of the 4-vector uα. Namely, one can
say that
the model (9) corresponds to the following
term in the density of the
effective Lagrangian:
δL = µuαq¯γα(τ3/2)q + µ5uαq¯γαγ5(τ3/2)q . (22)
A crucial point is the apparent similarity of this ex-
tra term, specific for hydrodynamics, with the standard
electromagnetic interaction, δLel = eAαΨ¯γαΨ.
This similarity can be accounted for [21]
by extending the external field
eAα to the following combination:
eAα → eAα + µuα . (23)
If, for example, from field theory we know the con-
tribution
of the anomalous triangle graph with electromagnetic
external fields, then we can read off from it the answer
for the graphs with µuα as external fields.
As a result we get the following extra term in the axial
current evaluated in the hydrodynamic approximation:
δ j5α =
1
4pi2 f 2pi
αβγδ(∂βpi0)(∂γpi0∂δpi0) . (24)
Moreover, the field pi0 in the vicinity of the axis of a
vortex is given by Eq. (16). As a result, the axial current
induced by a single vortex is
given by:
δ j5z =
µ5κ
2pi
δ(x, y) , (25)
where in fact κ = 1 in case considered (see discussion
above).
Finally, combining the equation for the contribution
of
a single vortex, see (25), and Eq. (21) for the number
of vortices one finds [14]
(spin o f vortices) =
µ2
2pi2
∫
d3x|~ω| . (26)
4
Remarkably enough, this expression fits perfect the ex-
pression for the chiral vortical effect (8), as is observed
first in Ref. [14].
Thus, we have established an example of a
dual description of the same phenomenon in hydro-
dynamics and field theory. Namely, Eq. (8) can be ob-
tained by evaluating a triangle “anomalous” graph with
external field µ5 · uα replacing the standard electromag-
netic filed, eAα. This evaluation assumes the medium
be continuous and is usually thought of as a next term
in expansion in derivatives, i.e. in the
long-wave approximation. Within
such a framework, however, it is not clear, why
a next order in hydrodynamic expansion would con-
tain an extra Planck constant (corresponding to a loop
graph). In this section we have evaluated spin of defects
which corresponds to singular fluid configurations and
found out that the chiral vortical effect fits the value of
spin carried by the defects, or vortices. The presence of
the extra power of the Planck constant is crystal clear in
this picture, since the quantization condition (18) does
contain it explicitly.
5. Chiral effects as radiative corrections
In the hydrodynamic approximation, the vortices are
infinitely thin. On the other hand, as we have just dis-
cussed, the same effects can be evaluated within the ef-
fective field theory,
and one might hope that the field theory allows to
resolve the problem of the ultraviolet cut off.
The main input from field theory is provided by Eq.
(13) which relates pion field to the hydrodynamic cur-
rent. Interactions of the pions are well understood, and
therefore there should be no difficulties of pronciple to
evaluate radiative corrections to the hydrodynamic su-
perfluid current.
Interactions of pions among themselves are encoded,
of course, in the model (10) which we are using. How-
ever, it can readily be seen that the model in fact is not
closed against the radiative corrections. While the very
phenomenon of the superfluidity can be established by
considering the light degrees of freedom alone, evalu-
ation of the radiative corrections asks for inclusion of
interactions with heavy particles, or baryons.
Consider first the chiral magnetic effect, see Eq. (7).
It is convenient to start from the Goldstone-Wilczek cur-
rent [22, 23]:
jelα = (const)e
2αβγδ(∂βpi0)Fγδ . (27)
Substituting ∂0pi0 = µ5 we immediately
get the electromagnetic current (27) in the hydrody-
namic form which fits Eq. (7).
In the original model (10) accounting for the
light degrees of freedom, both the electromagnetic
current and
axial current satisfy isotopic selection rules ∆I = 1
and current (27) cannot be generated. One needs
electromagnetic transitions with both ∆I = 0 and
∆I = 1. The ∆I = 0 transitions can be realized only
on heavy particles, or baryons.
Therefore, we need to include interaction of pions
with baryons.
Within the effective field theory the interaction of the
Goldstone particles is given by
Le f f ective = fpi(∂αpia)J˜αa,heavy, a = 1, 2, 3 (28)
where J˜αa,heavy is the axial current of heavy particles
which is not conserved kinematically,
as a result of spontaneous symmetry breaking.
Hence, baryons
propagate inside
loops. It is straightforward to check that the loop
graphs
converge on virtual momenta of order p ∼ 1/mN .
Thus, although the original model (10) does not in-
clude heavy particles, theory of chiral effects requires
account of baryons which emerge
as an ultraviolet cut off.
We are getting also new insight into the role of chiral
anomalies in theory of the chiral effects. In Ref. [16]
the anomaly introduced into the r.h.s. of the hydrody-
namic equations, see (1), as an input to evaluate the co-
efficients in the hydrodynamic expansion. Now we see
that by evaluating the chiral effects as radiative correc-
tions within field theory we come to consider exactly
the same graphs that determine the pi0 → 2γ decay and
which are very well known from numerous studies of
the anomalies. In a way, the use of
the general hydrodynamic expansion (1) is cut short.
It s worth emphasizing that implicitly
such an approach has been utilized in literature.
In particular, the famous chiral effective Lagrangian
of Witten [24] incorporates the effect of graphs describ-
ing the pi0 → 2γ decay. And, then, this effective La-
grangian was adjusted to the hydrodynamic approach in
a number of papers,
see, in particular, [13, 17, 18].
Turn now to the
chiral vortical effect. It is given by the matrix element
of the
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axial baryonic current jα5,baryons with ∆I = 0, evalu-
ated in one-loop approximation. Up to the overall coef-
ficient, which we discuss later,
the loop graph reduces to the same expression (24).
In the preceding section we proceeded from Eq. (24) to
evaluation of spin of vortices. Now, within field theory,
we emphasize that the spatial components of the axial
current represent spin of baryons. Then we come to an
estimate:
< ~(σ)baryons > ∼
µ25
2pi2
~ω
∫
d3x (29)
where ~ω is the angular velocity of the overall rotation
of plasma.
Eq. (29) is one of central results of paper [11]. One
can say that this result reflects duality between hydro-
dynamic and effective field-theory approaches to chiral
effects. What has not been fixed yet, is the overall coeffi-
cient in Eq. (29). This coefficient is fixed by the hadron-
quark duality. To appreciate the point, turn again to the
pi0 → 2γ decay. In the effective theory (28) the corre-
sponding graphs are convergent, and,
at frst sight, the overall coefficient depends on how
many species of baryons we keep in the current J˜aheavy
entering
the Eq. (28). But in fact, the overall coefficient is
fixed by the quark triangle graph, or by the hadron-
quark duality.
And this coefficient controls the chiral magnetic ef-
fect,
see (7).
In case of the chiral vortical effect, the overall coeffi-
cient
(as is determined by the quark triangle)
is found, e.g., in Ref. [18]:
< jα5,baryons > =
Nc
36pi2 f 2pi
αβγδ(∂βpi0)(∂γ∂δpi0) , (30)
where Nc is the number of colors. We can then nor-
malize the spin of baryons to the density of particles,
ρ5:
< σz >per particle ∼ ωz µ56pi2 f 2pi
. (31)
It is worth emphasizing, however, that the medium
itself consists of (pseudo)scalar particles, pions, while
the spinning component of the plasma is due to baryons.
6. General theorems vs model calculations
We are now in position to compare the results ob-
tained within the model (10) with general theorems
mentioned in the Introduction.
Turn first to the chiral magnetic effect (7) as derived
in Ref. [16]. We do reproduce this result within the
model (10) considered. However, the logic of derivation
is very diferent. Namely, we start with the tree-level
conserved axial current, in the hydrodynamic incarna-
tion: (
J5α
)
hydro
= fpi∂αpi0 ≡ ρ5uα , (32)
where ρ5 is defined in Eq. (11).
According to the standard current algebra, divergence
of the axial current is igiven by ∂αJ5α = fpim
2
pipi
0 and
vanishes for massless pions,
also off-mass shell. This is the so called Sutherland-
Veltman theorem [25, 26, 27]. The chiral anomaly, on
the other hand, implies that even for massless pions
∂αJ5α = fpim
2
pipi
0 + (αel/4pi)FβγF˜βγ . (33)
The second, anomalous piece can be interpreted as re-
sulting from a direct coupling of pi0 to electromagnetic
fields, (const)pi0FαβF˜αβ. Eq (33) is used as an input
in hydrodynamic equation (3). The Goldstone-Wilczek
current (27) responsible for the chiral magnetic effect
can be obtained by varying with respect to the elec-
tromagnetic potential of the direct coupling of the pi0-
meson to photons, (cons)pi0FF˜. Thus, what is brought
new by the model (10) is the factorization of large and
short distances. Infrared physics is responsible for the
hydrodynamic tree-level current, while short distances
determine coupling of the pi0-field to the electromag-
netic potentials. Within this model, connection between
the chiral anomaly (33) and the chiral magnetic effect
(7) becomes a kind of obvious since both effcts are di-
rectly detremined by one and the same coupling of pi0 to
electromagnetic fields. To the contrary, the derivation
of the chiral vortical effect assumes existence of defects
which is an extra dynamical feature.
The difference in derivation of the CME and CVE ef-
fects becomes even more striking if we try to include
effect of non-vanishing viscosity. In case of the chi-
ral magnetic effect the coupling f pi0 to electromagnetic
fields aparently does not depend on viscocity and one
expects that this effect survives also with account of the
viscosity. On the other hand, low viscocity is crucial
for existence of vortices and, therefore, there is no rea-
son to expect that the chiral vortical effect survives with
account of the viscocity.
Another point to mention, in the Introduction we
quoted Refs. [7, 8] according to which transfer of over-
all rotation to spin of constituents is not allowed with-
out account for dissipation. The mechanism of such a
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transfer discussed in these notes does satisfy this gen-
eral constraint. Indeed, one of the common and general
ways to introduce dissipation in the field-theoretic
language is to include interaction of light degrees of
freedom, which dominate dynamics of the fluid, with
heavy degrees of freedom, see, e.g., [28]. Moreover,
interaction of the light degrees of freedom with heavy
ones is described by polynomials. The mechanism of
generating polarizarion of the hyperons discussed above
belongs just to this kind of models. Therefore, the dis-
sipation is indeed playing a crucial role.
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